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, We introduce the g-analogue of the type A Dunkl operators, which are a set of 

0^ | degree-lowering operators on the space of polynomials in n variables. This allows 

the construction of raising/lowering operators with a simple action on non-symmetric 
Macdonald polynomials. A bilinear series of non-symmetric Macdonald polynomials 
h— ■ 5 | is introduced as a (/-analogue of the type A Dunkl integral kernel Ka{x\ij). The 

O ■ aforementioned operators are used to show that the function satisfies (/-analogues of 

^ . the fundamental properties of K,a{x;u). 

■ 1 Introduction 

m ! 

The purpose of this paper is to obtain ^-analogues of some fundamental results concerning type 
A integral kernels ICa(x; y) appearing in the works of Dunkl ||, ||, [j], |j. The kernel Ka allows a 
\ multidimensional analogue of the Fourier transform to be constructed, and plays a pivotal role 

in recent studies of generalized Hermite polynomials ||, (2|. A necessary prerequisite will be to 
give a suitable definition of the (/-analogue of the type A Dunkl operator 

d 1 1 

^ dl '- = dx~ + a^x~^x~ {1 ~ S ^ (L1) 

•i-H . 

^ . where Sy acts on functions of x := (x\, . . . , x n ) by interchanging the variables X{ and xj. 

For the purpose of comparison with later results, we recall some results concerning the kernel 
K,a{x;v) and the Dunkl operator dj. The former is a bilinear series in non-symmetric Jack 
polynomials, denoted E ri (x), which themselves are eigenfunctions of the Cherednik operators || 

= + E ^-(i - «*) + E z^z-a - «*) + 1 - < (1-2) 

The Dunkl operator dj is related to the Cherednik operator £j via 




dj = — I & + n - 1 - 2^Si p ] (1.3) 

and this will be our starting point in defining an suitable (/-analogue of dj. 

Following Sahi (T^j, for a node s = (z, j) in a composition 77 := (771,7721 • • • G lN n > define 
the arm length a(s), arm colength a'(s), leg length Z(s) and leg colength l'(s) by 

o(s) = rji- j l(s) = #{k > i\j <7] k < Vi} + #{ k < Ai < % + 1 < Vi} 

a'(s) =j-l l'{s) = #{k > i\rj k > 77;} + #{k < i\ m > Vi } (1.4) 
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Using these, define constants 

d v ■= n( a ( a ( s ) + 1 ) + / ( s ) + 1 ) d' v := ]J(a(a(s) + I) + l(s)) 

e v := ]]_(a(a'(s) + l)+n-l'(s)) (1.5) 

ser] 

With these constants, the type A kernel is defined as |g| 

JC A (x; y) = £aNA- E v (x) E„(y) (1.6) 

Set Sj := Si i+i for 1 < i < n — 1. The following raising/lowering operators 

$ := x n s n -i ■ ■ ■ s 2 si = <s n _i • • • Si Xi Sj_i • • -si (1.7) 
$ := disis 2 • • • s n -i = sis 2 ■ ■ ■ Si-i di SjSj+i • • • s n -i (1.8) 

have a very simple action on the non-symmetric Jack polynomials E v (x) ]10| , Q], 

$E V = E^ (1.9) 
1 (f 

$^r, = —T-E^ (1.10) 

where $77 := (7/2,7/3, .. .,rj n , 771 + 1) and $77 := (?/ n - 1,771,772, . . . ,?7n-l)- 

The fundamental properties of the kernel K. A (x;y) are given by the following result [^, The- 
orem 3.8] 

Theorem 1.1 The function K, A {x\y) possesses the following properties 

(a) sf' K A {x;y) = sf> IC A (x;y) 

(b) mK A (x;y) = ^K A {x;y) 

(c) df> JC A (x;y) = XiK, A (x;y) 

The above kernel has a symmetric counterpart qTo(x; y) which itself is expressed in terms of 
the symmetric Jack polynomials (x) [jD]]. The symmetric Jack polynomials can be expressed 
in terms of their non-symmetric siblings E v (x) by (T^j 



p( a \x) = d' K J2^E TI (x) (1.11) 



v d v 

where the sum is over distinct permutations 7/ of the partition k. They can also be obtained by 
symmetrization Q 

SymE v (x) = ^ pff(x) (1.12) 

where Sym denotes the operation of symmetrization of the variables x\, . . . , x n and r] + denotes 
the (unique) partition associated with 77, obtained by permuting its entries. It was shown in 
that the symmetric kernel 

(i |" 
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can be obtained from the non-symmetric kernel fCA(x;y) via symmetrization: 

SymW K A (x; y) = n\ F (x; y). (1.13) 

In this work, we shall be concerned with providing g-analogues of the above results. After 
introducing preliminary results and notations dealing with non-symmetric Macdonald polyno- 
mials E v (x;q,t) and (type A) affine Hecke algebras, we proceed to define an analogue of the 
Dunkl operator (|1.1|) and show that they form a mutually commuting set of degree-lowering op- 



erators. We then construct the analogue of Knop and Sahi's raising operator given by (1.7), as 
well as its lowering counterpart <£, demonstrating their simple action on E n (x;q,t). Finally, we 
construct a g-analogue of the kernel /C^(x;y) and derive the corresponding version of Theorem 



1.1. Symmetrization of this kernel is then shown to recover the well-known symmetric version 



o^b (a; y;q,t) |T|, 0]. 
2 Preliminaries 

We begin by presenting the standard realization of the affine Hecke algebra on the space of 
polynomials in n variables (see e.g. || |llj). Let Tj be the g-shift operator in the variable Xj, so 
that 

(Tj /) (a?i , . . . , Xi , . . . , Xn) — f\X\^ . . . , qXi , . . . , 3?n) • 

The Demazure-Lustig operators are defined by 

Ti = t+ tx ^ Xl+1 ( Si -1) i = l,...,n-l (2.1) 

Xi Xi-^-i 

and T = t + qtXn - Xl (s - 1) (2.2) 

qx n ~ Xi 

where so := s^Tir^ 1 . For future reference, we note the following action of Tj, 1 < i < n — 1 on 
the monomial xf x\ +l 

f (l-t)xr 1 xl+l + --- + (l-t)xt +1 x^ + x b i xf +1 a>b 

T iX *x h i+1 = l txfx? +1 a = b (2.3) 
{ (t - l)x?x b i+1 + --- + (t- l)xt l x°+} + tx\xt +x a < b 

In addition to the operators Tj, define 

U) := ■■■ S 2 SlTl = S n -l ■ ■ ■ SiTiSi-l ■ ■ ■ S\. 

The affine Hecke algebra is then generated by elements Tj, < i < n — 1 and u>, satisfying the 
relations 

(Ti-t)(Ti + l) = (2.4) 

Ti Ti+i Ti = Tj + i Ti Ti + i (2.5) 

T Tj = TjTi \i-j\>2 (2.6) 

toTi = Ti-i lo (2.7) 



From the quadratic relation ( |2.4j ), we have the identity 

Tr l = t~ l - I + t' 1 Ti. (2i 
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Useful relations between the operators u, Ti and Xi, 1 < i < n — 1, include 

Tf 1 Xi+ i = t' 1 x t Ti T' 1 Xi = x l+ i Tf 1 + (t- 1 - l) Xi (2.9) 

Ti Xi = tx i+ i Tf 1 Ti x i+1 = XiTi + (t - l)x i+1 (2.10) 

uJXi = qx n co uo Xi + i = XiUJ 1 < i < n — 1 (2-11) 

We can define operators^ || 

Yi = t~ n+l Ti--- T n _! uj Tf 1 • • • Tr_\, \<i<n (2.12) 

which commute amongst themselves: [1^,1^] = 0, 1 < i,j < n. They also possess the following 
relations with the operators Tj 

T i Y i+1 T i = tY l [T i ,Y j ]=0, + l (2.13) 

while the following relations with x n will be needed in Section 4 

Y t x n = x n Y l + t- n+1 (l-t)x n T i ---T n ^ 1 ujT^ 1 ---Tr 1 1 l<i<n-l (2.14) 

Y n x n = qt- n+l x n u J T l ---T n ^ l (2.15) 



These identities follow from a direct calculation involving ( 2.11| ), ( |2.10 ) and (2.' 



The fact that the operators Yi mutually commute implies that they possess a set of simulta- 
neous eigenfunctions, the non-symmetric Macdonald polynomials. Specifically, let -< denote the 
partial order on compositions rj defined for r\ ^ v by 

v -< 7] iff v + < r/ + or in the case v + = r/ + v < rj 

where < is the usual dominance order for n-tuples, i.e. v < rj iff Y^^iiVi — v i) — 0j f° r au 
1 < p < n. Then the non-symmetric Macdonald polynomials E r] (x;q,t) can be defined by the 
conditions 

E v (x;q,t) = x 71 + ^2b r]U x u 
YiE,j(x;q,t) = E v (x;q,t) l<i<n 

where 

fji = arji - #{k <i\rj k > rji} - #{k > i \ rj k > rji} (2.16) 

with a a parameter such that t a = q. 

Define the analogue of the constants ([h^) by 

d v (q,t) := [] (l - g«W+lt»W+l) d' v (q,t) := ]J (l - q a ^ +1 t 1 ^ 

ser/ s£r] 

e v (q,t) := J[ (l - /W+i^'W) (2.17) 

Certain properties of these coefficients follow immediately from jT^, Lemmas 4.1, 4.2] 
Lemma 2.1 We have 

^^ = ^# = l-^ + -, ^^ = l-<- 1+ -, e s ^,t) = e ,(,, i) , 
d v [q,t) e v {q,t) d' v {q,t) 

d 8iV (q,t) _ l-t s ^ +1 d' SiV (g,t) 1 - frn 

d v (q,t) l-t s ^ ' d'Jq,t) 1-t 5 ^- 1 tor ^>^+i 



'"The normalization is chosen such that as g — + 1, (1 — Yi)/(1 — q) — > £i/a with £i given by (1.2) 
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3 g-Dunkl operators 

We introduce the g-Dunkl operators A for 1 < i < n according to 



A := X; 



1-t 



n-l 



j=i+i 



Yi 



(3.1) 



where for i < j, 



rp — 1 rp — 1 rp — 1 rp — 1 rp — 1 

L i • • • L j-2 L j-2 

rp — 1 rp — 1 rp — 1 rp — 1 rp — 1 

1 j-l 1 j-2 1 i 



Note that as q — > 1 in (|3.1|), since T- 1 — ► Sy and (1 — Yj)/(1 
A Dunkl operators due to the relation ( |l.3|) : 



£,i/a, we recover the type 



A 



lim 

9-^1 1 - q 



d; 



The relations between the operators A and the elements A oj of the affine Hecke algebra 
are given by the following two lemmas, 

Lemma 3.1 



Ti A+i 

[A A/] 



tDiir 1 , 



Ti A = A+i 2i + (t - l) A 



1 < i < n - 1 (3.2) 
+ l (3.3) 



Proof. First note that the second relation in (3^) follows from the first relation by multiplying 
the latter on the left by T~ , on the right by A and then using (|2.8| ). 
From ( [2.8D it follows that TV~ obeys the quadratic relation 



i^-i . t -l 



(3.4) 



Multiply the relation t = T i 1 YiT i 1 (which follows directly from fl2.13| )) on the left by 

Tf 1 and apply (|3.4| ) to give 



A^+i^^-im+i+W 1 - 



(3.5) 



From the definition ( |3.1| ) and the relations TiX~,^ = tx^T^ 1 (which follows from the first 
equation in fl2.10|)), ( |2.13| ) and ( |3.5| ), the first relation in ( |3.2| ) can be deduced. 

Turning to fl3.3|) , note that a convenient representation of A, for j < n in terms of 



is 



A 



Z?n . — X n (1 t Y n 



,—n+j rp rp p. rp rp 

v ± j • • • ± n—1 -L^n A n—1 ' J j ■ 



(3.6) 
(3.7) 



Thus for i < j — 1 it follows that [A A] = 0. For j - 1 < i < n - 1 we have 



7-A: 



i "^Tj • • • T n _iTj_i A A-i • • • Tj 
t n+3 Tj ■ ■ ■ A-i A Ti-i, T n _i ■ • • A 



A/A 



where the first equality follows from ( |2.5| ), the second from the already established commutativity 
of A Dj for i < j — 1, and the final equality follows by further use of Q2.4|). □ 
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Lemma 3.2 We have 



u D i+1 



DiLO 

D n uj 



Ki<n-1 



(3.8) 
(3.9) 



Proof. We first prove (|3.Sj ) in the special case i = n — 1. To this end, note that for i > 2, 

u y, = u + (i - t)Ti_i • • • r n _ 2 T-_ 1 1 r-_ 1 2 • • • ir* w 

which follows from using (|2.7| ) to shift the operator cj to the right. In particular 

to Y n = y n _x u + (1 - t)T-_\ K n _! w. (3.10) 

The use of ( 2.11| ) and ( |3 . 1 0| ) and the explicit expression for D n given by ( |3.6| ) allows one to show 
that uj D n = D n -\ cj. For the cases i < n — 1 the result follows from the case i = n — 1 and the 
representation of Di in terms of D n given by (|3.7|) since 



i+l 



t ' L ^ l ^ L ujTi + i ■ ■ ■ T n -\D n T n -i ■ ■ ■ Ti + i 



t 



-n+i+lr 



Ti ■ ■ ■ T„_2 (t 1 T n -iD n T„-i ) T n -2 ■ ■ - TiU) — Dito 



To prove (|3Jj), first note that repeated use of (3.4) yields that, for i < j 

T — 1 , rp — 1 rp — 1 rp — 1 rp — 1 rp — 1 rp — 1 

1 ij ■— 1 i ± i+l'"- L j 1 j 

= e-i- 1 + (t- 1 - 1) J2 t^T- 1 

p=i+l 



(3.11) 



It then follows that 



Y n u = u Tf 1 • • • T-\ u = t^u Y 1 



and so from this and ( 3.11 ), we have 



D r . 



-1 



1 - t n ~ l Y n ) u = x^co ( 1 - t^I^Yt 



.2n-2 7—1 



qui x 1 1 



l-t 



n-l 



1 + (t- 1 - 1) £ t p -' T{ r } 

p=2 



Yt 



qui D\ 



□ 



Remarks. 

1. The final relations between the operators Di, 1 < i < n and the generators of the affine 
Hecke algebra are the ones involving the generator Tq. These takes the form 



T D 1 = q- l tD n T \ 
[To, Di] = 0, 



T D n = qDi To + (t - 1)D„ 
2 < i < n - 1 



which follow immediately using the fact that Tq = uiT\ui along with Lemmas 3.1 and 3.2 



j.2n— i— 1 t — 1 \f 
1 i,n-l I i 



2. It follows from ( |3.11[ ) that 

Di = x^(l-t 

= x- 1 (l-e- l T^...T-} 1 u J T 1 - 1 ...Tr\) (3.12) 

providing an alternative definition of the g-Dunkl operators. 

Another set of relations which shall be needed later on is an analogue of pi, Lemma 3.1] 
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Lemma 3.3 We have 



I' -'(1 DYj'I',, »j ' J 
p-i(l -QYiTjiDi i>j 



(3.13) 



i-1 



DiYi-qYiDi = (i-1) £ t-P+XTipDp + qit-^Yi^^TipDi (3-14) 

p=i+l p=l 



Proof. We start with (3.13) when i < j. In this case, we can use Lemmas 3.1 and 3.2 to shuffle 
the A to the right to get 



DiYj 



r n ^T 3 ■ ■ ■ T n _x u Tf 1 • • • T^i A+i TT^+i . . . T r_\ 
= Yj Di + t~ n +i (t- 1 - 1) T y ■ • T n _! w Tf 1 • • • Tr\ A+i Tr + \ ■ ■ ■ Tj\ 

where we have used the fact that A+lT~ = T~ A + (i -1 — l)A+l (which follows directly 



from ( |3.2| ) ). Using Lemma 3T on the second of these terms to move A+i to the right results 
in the term t l ~ J (l — t)Yj Tu Dj as required. The proof in the case i > j is somewhat similar. 

To prove ( 3.14 ) we must also consider 2 cases: 1 < i < n and i = n. For the case 1 < i < n, 
we use the identity 

A Ti = Ti A+i + (t - i) A 



(which can be obtained from Lemma |3.l| ) to move the operator A to the right in the expression 



A Yt = r n+i Di Ti--- T n _x u Tf 1 • • • T-\ 



and thus obtain 



A Yi = (t-l) J2 t~ P+ % Tip D p + qt- i+1 Yi Tj_i ■■■T 1 T 1 --- Tj_i A 
p=i+l 

The second term in the above expression can be simplified using a result similar to ( 0. 11 ), namely 
that for i < j 



Tj T ? _i ■ ■ ■ TiTi ■ ■ ■ Tj^iTj = t 3 



-i+l 



+ (t-l)^^T M+1 



and the stated result follows. The case i = n is derived similarly. 



□ 



In the rest of this section we shall show that the g-Dunkl operators A commute amongst 
themselves. We do this by showing that all the A commute with D n (recall that D n has the 
simplest form amongst all the g-Dunkl operators) from which the general result follows swiftly. 

First note that for i < n 



Yi% n —x n Yi + t (t l)a;j T in Y{ 



which follows from pulling x n to the left using 



Ti x i+i — t x i 1 Tj 



T x i — x i+l Ti ~\~ (t l)^Cj 



(3.15) 



(3.16) 



(which themselves follow from ( |2.9| ) and ( 2.10| ) ). Using (3.15) and ( |3.16| ), a series of manipula- 
tions yields the relation 



Y T T ~ l — A™-*)- 1 r -l T~ X V 
1 n J m J 'n ~ l x i ± in 1 i 
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Using this and Lemma |3.3| we can rewrite the commutator [A , Y n ] in the form 

[A, Y n ] = ^{r 1 - 1) xZ 1 IT 1 Yi (1 - t n ~ l ) Y n 
Another result we need is 

= (xj — x n ) T in + (t — 1) x n I i 1 



T-i-i -l 

J in i X n 



n-1 



+ 1) X p ' ' ' ' ' ' ' " " 

p=t+l 

which can be derived by repeated use of 

(which itself is derived from ( |3.16| ) ). 

This is used in the derivation of the final necessary ingredient 

Lemma 3.4 We have for i < n 



D r _1 



1 _-l T^-l 

in 



Proof. Write A = x" 1 (1 - t n ~ l Ai Yi) where 



Ai :=l + {t- l -l) Y, t^Ti] 1 
j=i+i 



Then we have 



-A , x n 



Xj (1 t Ai Yi), x n 

Yi + Ai 



Note that 



A- <r~ J 



t- 1 ^ 1 ( 

= 1 " l)t 



Aj, x n 



Y{, x n 



rr-l -1 

^ in ' n 



while from (3.15) we have 
A 



x n 



(1 _ t -X )t »- , + ( ^ 1 _ 1} ^ ^-ij^-l^ljj. 



However, for i < j application of the relation T i x i = t x i+l Ti tells us that 

< = ' I) ••• 1) '_//• T, 2 •••/; 

so that 

r^j 1 rr 1 • • • rrj-^r 1 . . . t-^ • • • Tr 1 j < n 

j = n 



t.t 1 rr 1 Tr 1 

"Sj -Sri 



j.— n+i_— 1 7—1 
fc x n 1 i,n-2 



A, x- 1 ] (i - r- 1 ^) - e^x- 1 [a, y„] = o 



(3.17) 



(3.18) 



(3.19) 
(3.20) 

(3.21) 



Substituting this into ( 3.21 ) and hence into ( 3.19 ) along with ( |3.20| ) (after using (|3.18j ) ) yields 
the result. □ 

Proposition 3.5 We have 

[Di, Dj] = 

Proof. Consider first the case j = n. In this case 
[A, A] = iD^x-Ul-e^Y 



thanks to ( |3.17| ) and Lemma 3^4. The general result now follows using the representation (|3.7| ) 
for Dj in terms of D n . □ 
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4 Raising/lowering operators 



The g-analogue of the raising operator $ (recall ( |1.7| )) introduced by Knop and Sahi [1C] is 
defined as 

% := x n T-_\ • • • 77 1 Tf 1 = t~ n+i T n _! ■■■T l x i Tr\ . . . Tf 1 (4.1) 
This operator enjoys the following properties 

Proposition 4.1 

(a) Yj% = $ q Y j+1 l<j<n-\ 

(b) Y n % = q$ q Yi 

Proof. To prove (a), first note from (2.14) that 



where 



Yj % = Yj x n T~\ ■ ■ ■ Tf 1 = B X + B 2 



B X = -r„ Yj 'I], 1 ■ ■ ■ I\ ' 

= $> q Y j+1 + (1 - t-^xn T n _x • • • Tr + \Tr_\ . . . Tf 1 Y j+1 



and 



B 2 = r n+j (l - t)x n Tj ■ ■ ■ T n _ 2 u Tf 1 • • ■ Tr\ • • • Tf 1 
= r n+i(i _ t ) Xn jrl • • • Tf 1 w Tf 1 • • • Tf 1 

A careful inspection of the second term occurring in B\ shows that it cancels with B 2 , whence 
the result. 

Similar considerations follow for (b), with the aid of ( 2.1E| ). □ 
The analogue of (|1.9|) is given by the following 



Corollary 4.2 The operator & q acts on non-symmetric Macdonald polynomials in the following 
manner 

$ q E v (x; q, t) = t-#im<m.} E ^(x; q, t) 
where $7] := (772,773, • • • , VniVl + !)• 

Proof. From the previous Proposition, it is clear that & q E n {x;q,t) is a contant multiple of 
E^ v (x; q, t) as they are both eigenfunctions of the operators Yi with the same set of eigenvalues. 
The multiple is deduced by means of examining the coefficient of the leading term x** 7 in the 
expansion of & q E v (x; q, t) with the aid of (|2.8|) and (|2.3|) . □ 

The definition of the lowering operator analogous to ( |Q| ) makes use of the q-Dunkl operator 
introduced in Section 3: 

= Ti T 2 • • • T n _! D n = t n ~ l Ti • • • A ... T~} x (4.2) 

This operator acts as a shift operator for the operators Yi. 

Proposition 4.3 

(a) Yj$ q = $ q Yj^ 2<j<n 

(b) Y^ q = q- l l q Y n 
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Proof. We begin with (a). Note that for j > 2 we have 



Ti — 1 rri rr\ rj~\ rj-i rr\ — 1 

j J-l ' ' ' J-n-l = J-l " " " J-n-l 



(4.3) 



Thus 



t -n+3 T . . . . Tn l u T -l . . . T -} x ( Tl . . . Tn) Dn 
V- 2 D 1 fa ■ ■ ■ T n _! Tf 1 • • • T-} 2 ) oj Tf 1 • • • TT} 2 



(4.4) 



where we have used ( ^.3| ) along with Lemmas 3.1, 3.2 and ( J2.T| ) to make the necessary manip- 
ulations to get it into the above form. However we can rewrite the term in the parenthesis 
occurring in ( [4.4] ) as 

rp rp rp — 1 rp — 1 rp — 1 rp — 1 rp rp 

J-j • • • J-n-l J-l ''' 1 n~2 — 1 \ ' ' ' 1 n~l ' ' ± n-l 



which, when substituted back into Q4.4D , yields the requisite result. The proof of (b) is almost 
immediate from ( |3.9| ). □ 

As a consequence, we have the analogue of ( p, .10 ) 
Corollary 4.4 The action of & q on non-symmetric Macdonald polynomials is given by 

$ q E v (x;q,t) = E^(x;q,t) 



where $rj := (r/ n - l,??i,ry 2 , . . . ,Vn-i)- 



Proof. From Proposition 4.3 we have that <fr q E v (x;q,t) is a multiple of (x;q,t). An 

examination of the leading term x** 7 in the expansion of <& q E v (x;q,t) using ( [2.3; ) and the 
explicit form ( |3.6| ) for D n tells us that 

% E„(x; q, t) = 4 #{*<^} (1 - tn-l-HM) E ^ {x - ?j t y 



However from Lemma 2.1 we know that 



whence the result. 



□ 



5 Kernels 

We introduce the ^-analogue of the Dunkl kernel K-A{x;y) by 

dr){q,t) 



K. A (x;y;q,t) = ^ — 



1 .-In 



E v (x;q,t)E v (y;q ,t 



(5.1) 



V d ' v (q,t)e ri {q,t) 

This function reduces to K,A(x;y) as (/ — > 1 (although KA{x;y; q,t) ^ K. A (y,x;q,t) in general) 
and satisfies generalizations of Theorem LI and ( 1.13 ). To establish these generalizations re- 
quires properties of the operators Di, & q and <& q obtained above, as well as some additional 
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properties of the operators Tj (1 < i < n — 1). The first such property required relates to the 



action of the operators T- on the non-symmetric Macdonald polynomials [16 



Ti E„ 



t - 1 



1 - t~ dtr > 



E n -\- 1 Eg^q 



t E„ 



t - 1 



^17] 



Vi < Vi+1 
Vi = r] i+1 

f 1 _ t S iTI +l\n_ t 5 i r,-U 
E V + 1 ^ _ %)2 ~ E SiV Vi > Vi+1 



(5.2) 



T~^E V 



where S ir) := Vi - r] i+1 . 



1 - f "< 



t En 



1 - t 6 ^ 



En ~i~ E Sir j 

1 (1 -t si " +1 )(l -t 6 *"- 1 ) 



E v + t 



(1 -f">) 



Vi < Vi+l 
m = rii+x 

Es iV Vi > Vi+1 



(5.3) 



Now define the involution as acting on operators or functions by sending q 
The following lemma is the analogue of ||, Lemma 3.7] 

Lemma 5.1 Let F{x, y) = X)t? A7 E„(x; q, t)E v (y; g -1 , t -1 )- T/ten 

(T± 1 )WF(x,y)=lf 1 (y)F(x,y) 
if and only if the coefficients A„ satisfy 

(1 - t 5ir >) 2 



-\t^t-\ 



(5.4) 



A 



(1 _ t Si 1 + 1 )(l - t 6 "!- 1 ) 



(5.5) 



(1 - i di ") 2 

Moreover, these two conditions on A„ are equivalent. 



A n Vi < Vi+l 



Proof. Equation Q5.4| ) consists of two separate equations; only T> x ^ F = T i 1 F will be estab- 
lished as the other case follows from (|2.S|). The proof is similar to that given for ||, Lemma 3.7]. 
Split the sum in F(x, y) according to whether r\i < 774+1, Vi = Vi+l 01 Vi > Vi+i- Apply ( |5.2|) 
and collect coefficients of E„(x;q,t). Also, to work out the action of W on E„(y;q^ 1 ,t^ 1 ) 
(and hence on F(x, y)), set t —> t~ l in fl5,3|) . The two sides of (0) are equal if and only if (5.5) 
holds. □ 
With this result at our disposal, the (/-analogue of Theorem |Ll] can now be given. 

Theorem 5.2 The function K q {x; y) possesses the following properties: 



[a) 
(b) 
(c) 



(T^lC A (x;y,q,t) = If 1 K A (x;y;q,t) 
^JC A (x;y;q,t) = W q iv) K A (x; y; q, t) 
Df> JC A (x;y;q,t) = yi)C A (x;y,q,t) 



Proof. 



(a) From Lemma 2.1, the constants A v 



d v (q,t) 



satisfy the conditions of Lemma 5.1 
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hence the result. 

(b) From Lemma 2.1 and Corollories [4,2|, [4.4| we have 



9 V ^ V d' n {q,t)e n {q,t) d'^(q,t) ^ 1 

V d' u {q,t)e^ v {q,t) 
= §q y) JC A (x;y,q,t) 



(c) From (4.1) we have 



where the second form follows from applying the involution to the first form. Also, from (4.2) 

D . = r n+i T -l . . . T -l ^ i . . . T . 

The result now follows from these two expressions for Xi, D{ by means of (a), (b) and the fact 
that operators acting on different sets of variables commute. □ 

It remains to present the analogue of (|1.13| ) . For the g-analogue of Sym, Macdonald |l4j] has 
introduced the operator 

U+ := T u> (5-6) 

WGSn 

where w = . . . Si p (1 < i\, . . . , i p < n — 1) is the reduced decomposition in terms of elementary 
transpositions of each element of S n and 

T w = T h ...T ip (5.7) 



(the operators Tj used by Macdonald satisfy (Tj — i)(Tj + i _1 ) = as distinct from (|2.4|): 
consequently in |]TJ] U + is defined with T w multiplied by t^ w \ where £(w) is the length of the 
permutation w, i.e. the number of elementary transpositions in its reduced decomposition). As 



noted in [14|, use of ( |2.4[) and (2JS) shows that Tjt/ + = tU + which from the definition (|2.1|) 
implies that U + f is symmetric in x%,... ,x n . In particular, for some proportionality constant 
^(q, t), we must have 

U + E r ,(x; q, t) = a v {q, t)P v+ (x; q, t) (5.8) 

where P v + denotes the symmetric Macdonald polynomial normalized so that the coefficient of 
the leading term is unity. 

Our interest here is the action of U + on the kernel 1Ca(x; y; q, t). For this we require Theorem 
5.2 (a), (b) and ( ^.§| ) as well as the result of the following lemma. 

Lemma 5.3 Define 

, > r — ^ . ( 1 7~>i ~\ -| r tX >i X j 

(1 -q)E 0:m := A iim — — — where A i:Tn := [[ 

i=m 

When acting on symmetric functions 



tZ>? X ft X -i 

i=m J= m J 



A = (1 - q)E , m (5.9) 
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Proof. When acting on symmetric functions, we see from (3/7) and (2.1) that 

Dj =T j ...T n . 1 x-\l-T n ). (5.10) 

In particular D n = x~ (1 — r n ) so fl5.9| ) is true for m = n. Thus by induction ( |5.9| ) is equivalent 
to the statement that 

D m _! = (1 - g)(£ ,m-l - E , m ) (5.11) 

Noting that 



A 



i,m—l 



1 + (t - 1) 



X% *m-l 



-4, 



we see that ( 5.11 ) can be rewritten to read 

'1 - Tm-l) 



Dm—1 — -<4 



m— l.m— 1 " 



x» (1 — Tj) „ 



3?m— 1 ^-2 



Since R n = D n , and from ( 5.10 ) T- 1 Dj = Dj + \, to establish ( 5.12; ) it suffices to show 



T m _^R m —l — Rm 



This can be verified by direct calculation using |Tl2|) and 

We are now ready to calculate the action of U + on JCa(x; y; q,t). 



(5.12) 

(5.13) 
□ 



Proposition 5.4 We have 

U + ^K A (x- y- q, t) = [n] t \ Q T Q {x; y; q, t) (5.14) 
where [n]t! := nT=i(l ~~ — t), and with k denoting a partition and b{n) := Ya=i(^ ~ 1) K «> 

t b(n) 



P K (x;q,t)P K (y;q,t). (5.15) 



(5.16) 



Mx-^t) ^E^p (lfti ... f ^i ;flit) 

Proof. Applying U + to the x-variables in ( |5.1| ) gives 

c/ + w/c A (x; y; 9 , t ) = x: yg^K^^ p (x; g> t )^( y; g -i f t -i 

„ d' v (q,t)e v (q,t) 

Repeating this operation and use of Theorem |5.2| (a) shows 

U + ^1Ca{x; y; q,t) = ^ (g, t)P^+ (x; g, i)P^+ (y; g, f) 
v + 

where we have used the fact [15] that P v +(y;q ,t ) = P„+(y;q,t). To specify a v + sum 
Theorem [5,2| (b) over i, apply to both sides of the resulting equation and commute its 

action to the right of J2i Di on the l.h.s. (Lemma 3.1 shows that this is valid), and use Lemma 
5T3I to substitute for J2i A to show 

(1 - q)Eo*x X] a v + (?> f ) p v + ( x > *) i.y>i^)=pi (y) a v + l ) p v + ( x; 9, ^-^V (y; 9, *) 

Recent results of Lassalle [j^, Theorems 3 and 5] give the action of the operator Eq^ on 
P r) +{x; q, t)/P v + (1, . . . , t n ~ ; q, t) and an expression for the product Pi(y)P r] +(y', q,t)/d' v (q,t) in 
terms of generalized binomial coefficients. These formulas imply a recurrence for the quantity 
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a v +d' v+ P v + (1, . . . , t n 1 ;q,t) with the unique solution a r] +d' + P rt + (1, . . . , t n 1 ;g, t) = t b ^ v+ ^ao. 

The fact that U+l = J2 w eS n ^ H = W gives a = [n] t !. □ 

As an application of Proposition WA we can specify the proportionality constant a v in ( ]5.8| ) . 
For this we also require the formula |14, 16| 



PK{y,q,t) = d' K (q,t) d , t t } E ri(v,q,t), 



(5.17) 



which is the analogue of ( 1.11 ). We first substitute (|5.16D on the l.h.s. of (|5.14|) , then substitute 

Next 



for P r)+ {y;q,t) on the l.h.s. using P v+ (y; q, t) = P v+ (y; q' 1 , t' 1 ) = RHS (fU7D 

l(r)-i( s ) d 'v+ *) 



we note from the definition ( 2.17 ) that 



d'Jq-\t^) 



n * 



, d'(q,t) 
and equate coefficients of P n +{x;q,t)E rj {y;q~ 1 ,t~ l ) on both sides to conclude 



aJq,t) = [n] t \ t^e^) 

VK ' L J P r}+ {l,...,t^-q,t)d rj 



(q,ty 



(5.18) 



Substituting (fU8|) in (fl|, we obtain the g-analogue of ( |1.12[ ). 

The function o^o( x 'i V, q, t) appears in an unpublished manuscript of Macdonald [{Ofl , as well 
as the recent work of Lassalle |fL2f . Kaneko [|| introduced a similar function, with t b ^ in ( p. 15 ) 
replaced by (-l)^q b( - K '\ 
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